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ELASTIC WAVE PROPAGATION IN HETEROGENEOUS PLATES

P, CONSTANCE YANG*, CHARLES H. NORRISt and YEHUDA STAVSKVt

Massachusetts Institute of Technology, Cambridge, Mass.

Abstract-A two-dimensional linear theory of motions of heterogeneous plates is deduced from the three
dimensional theory of elasticity. Transverse shear deformations and rotatory inertia are included in the present
general theory. The heterogeneity of the material is considered to be only in the thickness direction of the plate.
The genel'al plate theory is specialized to cases of symmetrically laminated aeolotropic, orthotropic and iso
tropic plates. A plate theory of the Kirchhoff type is also deduced. Frequency equations for the propagation of
harmonic waves in an infinite two-layer isotropic plate in plane strain are obtained by the elasticity and the
present plate theories. Several numerical examples are solved and their results are presented in graphs.

NOTATION
Aij,Bij,Dij

dij,f!lij, £i1ij
a,b
c
Eij

E
Fx , Fy , Fz

f
h
K
L,Lo,H
N,M,Q
pz
p"P;
Ro, R t , R 2

t
u,v, w
uo, vo, WO

x,y,z
a,fJ
r,b,e, k
K

e
eO

1:

t/Jx' l/Iy
F
1\
A, I'
v
P
( h

constants defined by equation (15) or (16)
operators defined by equations (18H35)
thickness of top and bottom layer of two-layer plate
phase velocity (= p/f)
elastic coefficients {i,j = 1,2, 3,4, 5, 6)
Young modulus
body forces.
wave number (= 2rr./1\)
thickness of plate
coefficient of modified shear modulus
functional operators
plate-stresses defined by equations (7H9)
traverse normal stress at z = h
forces defined by equation (45), i = x, y, z
constants defined by equation (46)
time
displacement components in x, y, z directions
displacement components at z = 0
Cartesian coordinates
defined by equation (AI4-15)
plate parameters defined by equation (Al8-2l)
curvature component defined by equation (13)
strain component defined by equation (10)
strain component at z = 0 defined by equation (12)
stress components
slope functions defined by equations (4), (5)
wave parameter
wave length
Lame constants
Poisson ratio
density
partial differentiation with respect to i(i = x, y, t)
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1. INTRODUCTION

IN RECENT YEARS some interest arose towards the development of elasticity theories for
plates that are non-homogeneous in the thickness direction. The elastostatic bending and
stretching theory for such plates, based on the Euler-Bernoulli hypothesis, was established
in [1] and [2].

In the present study the equations of motion are established for heterogeneous
anisotropic plates incorporating the effect of shear deformations in a way suggested by
Hencky [3], Uflyand [4] and Mindlin [5] for homogeneous plates. Associated with the
system of plate equations there are stated suitable boundary and initial conditions to
ensure a unique solution.

It will be shown that the plate heterogeneity introduces a coupling phenomenon
between bending and stretching of the type found by Reissner and Stavsky [1, 2] for the
static case.

The general theory is applied to the propagation of plane strain waves of the Rayleigh
Lamb type [6, 7] in specific two-layer isotropic plates.

2. FORMULATION OF PLATE THEORY

Let us consider a thin elastic heterogeneous plate of thickness h, referred to an x, y, z
system of Cartesian coordinates. The lower and upper surfaces of the plate are z = 0, h
and its cylindrical boundaries fb, y) = °are defined by plane curves parallel to the
x-y plane. The faces of the plate are assumed to be free of shear stresses but subjected to
transverse normal stress, as follows

!xzlz= D,h = 0, !yzlz = D,h = °
!zlz=h = pz·

(1)

(2)

The non-homogeneity of the plate is only in the thickness direction z and it may be
of two types: (i) the elastic moduli vary continuously in the z direction of the so called
"heterogeneous plate", (ii) thin homogeneous layers of different elastic properties are
composed to form a "laminated plate" in which the moduli are step functions of z.

Assume the following general Hooke's law for the stress-strain relations, wherein each
stress component is a linear function of all six strain components

!x Ell E12 E I3 E 14 E 15 E16 Bx

'"!y E22 E23 E24 E25 E26 By

'"!z E33 E34 E35 E36 Gz

'"
(3)

!yz E44 E45 E46 Byz

Symmetric '"!zx Matrix E E55 E56 Gzx

'"!xy E66 j Bxy
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The twenty-one elastic coefficients Eij are specified functions of z but do not vary in
the x, y directions.

In order to account for transverse shear deformation and rotary inertia effects in the
heterogeneous plate theory to be established, we follow Hencky [3] and assume the
displacement components to be of the form

u(x, y, z, t) = UO(x, y, t) + zljJx(x, y, t)

v(x, y, z, t) = VO(x, y, t) + zljJ y(x, y, t)

w(x, y, z, t) = WO(x, y, t).

(4)

(5)

(6)

Note that these relations involve combined action of bending and extension which
characterizes the behavior of heterogeneous plates as shown by Reissner and Stavsky
[1,2].

Defining stress resultants, stress couples, reference surface strains, bending curvatures
and transverse shear strains the following relations are obtained in view of equations (4}
(6),

(Nx,Ny,Nxy) = nTx, Ty, Txy)dz

(Qx, Qy) = S:(Txz, Tyz )dz

(7)

(8)

(Mx, My, M xy) =f:(Tx, Ty, Txy)Z dz

(ex' ey, eXY) = (e~, e~, eZy)+Z(Kx, Ky, Kxy)

(9)

(10)

(11)

(12)

(13)

° ° °exy = U 'y+v 'x

Kxy =:= ljJx·y+ljJy·x·

~O ° ° vO."x = U ·x; e y = 'y'

Kx = ljJx'x; Ky = ljJy.y;

In order to obtain plate stress-strain relations expressions (10H13) are introduced
into (3) and the results are integrated according to the definitions (7H9) to give

(14)

M xy

All A 12 ' A t4 A 15 A 16 : Bll B 12 B 16
I

A 12 A 22 A 24 A 25 A 26 I B 12 Bn B26I
IA 14 A 24 A44 A45 A46 I B 14 B24 B46
I

A 15 A 25 A f5 A 55 A 56 I B 15 B 25 B56I

A 16 A 26 A46 A 56 1'1.66 : B 16 B26 B66
-----------------~----------

Bll B 12 B 14 B 15 B 16 I D ll D 12 D 16I
IB 12 Bn B24 B 25 B26 I D 12 D22 D26
I

'" B 16 lJ26 B46 B56 B66 : D 16 D26 D66

where the cQPstants A, Band D are defined by the following integrals for a continuously
heterogeneous plate
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(i,j = 1,2,4,5,6). (15)

For a n-Iayer laminated plate these relations become

(i,j = 1,2,4,5,6) (16)

where E'[j are the moduli of the homogeneous layer m of thickness hm - hm - l'

Substituting equations (llH13) into equation (14) the stress resultants and couples
are then expressed in terms of the displacement components uo, vo, Wo of the reference
plane, and the components l/Jx, l/Jy of change of slope of the normal to the undeformed
reference plane as follows

N x d ll d 12 d l3 A 1S +gg ll A 14 +gg 12 Uo

where

M xy

d 21 d 22 d 23 A 2S+gg21 A 24 +gg22

d 41 d 42 d 43 A4S +gg41 A 44 +gg42

d Sl d S2 d S3 Ass +ggSl A4S +ggS2

d 61 d 62 d 63 A6S +gg61 A 46 +gg62

ggll gg 12 ggl3 B 1S +!0 ll B 14 +!012

gg21 gg22 gg23 B2s +!021 B24 +!022

gg61 gg62 gg63 B S6 +!061 B46 +!062

(dll,ggll) = (All,B ll )( )'x+(A 16,B16 )( h
(d 12,ggd = (A 16,B16)( )'x+(A12,Bd( )'y

(d l3,ggl3) = (A 1S ,B1S )( )'x+(A 14,B14)( )'y

(d 21 ,gg2d = (A 12 ,Bd( )'x+(A26 ,B26 )( h
(d22, gg22) = (A 26, B26 )( )·x + (A 22 , Bzz)( )'y

(d23 , gg23) = (A2S , B2S )( )'x+(A24, B24)( h
(d41 ,gg41) = (A 14,B14)( )'x+(A46,B46 )( )'y

(d42,gg42) = (A46,B46)( }x+(A24,B24)( )'y

s143 = A4S ( )·x + A 44( h.
(dS1,GGSl) = (A 1S ,B1S )( )'x+(AS6,Bs6 )( )'y

(dS2, GGsz) = (A S6, B S6 )( )·x + (A 2S ' B2S )( ).y

d S3 = A ss ( )'x+ A4S( h
(d61 ,GG6d = (A 16,B16 )( )'x+(A66,B66)( h
(d62 ,GGd = (A 66,B66)( )'x+(A26,B26 )( h
(d63, GG63) = (A s6, BS6)( )·x + (A 46, B46 )( ).y

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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(~lb ~d = (D 11 , D16 )( )'x+(D16, D1Z )( h
(~Zl' ~ZZ) = (D 1Z' DZ6 )( )'x+(DZ6' Dzz )( h
(~61' ~d = (D 16 , D66)( )'x+(D66 , DZ6 )( )'y
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(33)

(34)

(35)

The two-dimensional theory of extensional and flexural motions of heterogeneous
anisotropic plates is deduced from the dynamical equations of three-dimensional elasticity

~~+tQ)+t=~+Fx=pu~

tXy'x+ty'y+tyzz+Fy =pV'tt

txz'x + tyz'y + tz'z +Fz = PW'tt

(36)

(37)

(38)

where p = p(x, y, z) is the material density and F; is the body force i-axis component.
These equations are converted to plate-stress equations of motion by the method of
Boussinesq [8], first they are integrated over the plate thickness and then equations (36)
and (37) are multiplied by z and integrated over the thickness. Making use of equations
(1) through (9) the following equations of motion are obtained

Nx'x+Nxy'y+Px = RouO'tt+Rlt/!x'tt

Nxy'x+Ny'y+Py = RovO'tt+Rlt/!y'tt

Qx'x +Qy'y +pz = Rowo 'tt

Mx'x+Mxy'y-Qx = R1uO'tt+Rzt/!x'tt-Px

Mxy'x+My'y-Qy = R1vO'tt+Rzt/!y'tt-Py

where the constants R; are of the form

(Ro, R 1, R z) = J>(1, z, ZZ) dz

for continuously heterogeneous plates with p = p(z), and

(39)

(40)

(41)

(42)

(43)

(44)

(45)(Px,Py,P" -Pz) = f: (Fx,Fy,Fz)dz;

In case of layered plates expressions (44) read

(Ro, R1, R z) = ±r~ pm(1, z, ZZ) dz (46)
m= 1 hrn -l

where pm is the density of layer m.
The five equations of motion (39) to (43) are further expressed in terms of uo, vo, wo, t/!x

and t/!y using equations (17) with the result

LllUO+LlZVo+L13Wo+L14t/!x+L1St/!y+Px = 0 (47)

LZIUO+L22VO+Lz3WO+Lz4t/!x+Lzst/!y+py = 0 (48)

L31UO+L3ZVo+L33Wo+L34t/!x+L3St/!y+pz = 0 (49)

L41UO+L4ZVo+L43WO+L44t/!x+L4St/!y+Px = 0 (50)

LSIUO+Lszvo+Ls3WO+Ls4t/!x+Lsst/!y+Py = O. (51)

The functional operators Lij are of the form
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L II = A II ( )'xx+ 6A J(,( )'xy+A 66 ( )'yy-Ro( h.

L I2 = L 2I = A I'6( )'xx+(A I2 +A66 )( )'xy+A26( )'yy

L I3 = L 3I = AIS( )'xx+(A I4 +AS6 )( )'xy+A46( )'yy

L I4,L4I = ±AIS( )'x±AS6( )'y+BII ( )'xx+ 2B I6( )'xy+B66( )'yy-R I( ht

LIS' LSI = ±AI4( )'x±A46( )'y+BI6( )'xx+(B I2 +B66 )( )'xy+B26( )'yy

L 22 = A 66( )·xx +2A26( )·XY +A 22( )'yy - R o( ht

L 23 = L 32 = A S6( )'xx+(A2S +A46 )( )'xy+A24( )'yy

L 24, L 42 = ±AS6( )'x±A2S( )-y+B I6( )'xx+(BI2 +B66 )( )'xy+B26( )'yy

L 2S, L S2 = ±A46( )'x±A24( h+ B66( )'xx+ 2B26( )'xy+B22( )'yy-R I( ht

L 33 = A ss( )'xx+ 2A4S( )'xy+A44( )'yy-Ro( ht

L 34, L43 = ±Ass( )'x±A4S( h+BSI( )'xx+(BI4 +BS6 )( )'xy+B46( )'yy

L 3S,Ls3 = ±A4S( )'x±A44( )'y+BS6( )'xx+(B2S +B46 )( )'Xy+B24( )'yy

L 44 = -Ass +D l1 ( )'xx+ 2D I6( )'xy-D66( )'yy-R2( ht

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

L 4S,Ls4 = -A4S±(BI4-Bs6)( )'x±(B46 -B2S )( h·+ DI6( )·xx

+(D I2 +D66)( )'xy+D26( )'yy (65)

L ss = -A44 +D66( )'xx+ 2D26( )'xy+D22( )'yy-R2( ht. (66)

The tenth-order system (47) through (51) is the main contribution of the present theory.
It shows that extensional and flexural motions are generally coupled in a heterogeneous
plate and uo, vo, Wo and I/I",I/Iy are to be determined simultaneously.

Appropriate initial and boundary conditions which are sufficient to assure a unique
solution of the plate equations (47)-(51), are as follows
(i) Initial values of u~, u~, wo, 1/1., 1/1. and their time derivatives, throughout the plate.

(ii) Any combination of the following boundary conditions along an edge fb(X, y) = 0

U. = U. or N n = Nn (67)

u~ = u~ or N ns = Nns (68)

W
o = Wo or Qn = Qn (69)

I/In = ifln or M n = 1\1[n (70)

1/1. = ifI. or M ns = M ns (71)

where the barred quantities are prescribed.
(iii) On the plate boundaries z = 0, h there are specified the transverse deflection Wo

or the transverse load pz.

3. KIRCHHOFF'S TYPE PLATE THEORY

It is of interest, in many instances, to resort to Kirchhoff's hypothesis when analyzing
heterogeneous plates. The components I/Ix,I/Iy of change of slope of the normal to the
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undeformed reference plane are now related to the transverse deflection Wo in the following
manner

(72)

(76)

(77)

(78)

(73)

(74)

(75)

Consequently, the five equilibrium equations (39) to (43), in view of equations (10)
-(14), can be reduced to three simultaneous equations for uo, vo, Wo in the form

L~lUO+L~2VO+L~3WO+px = 0

LooLooLoO -021 W + 22V + 23W +Py-

LglUO+Lg2Vo+Lg3WO+pz = O.

The functional operators L3 are given by the following expressions

L~2 = L~l = L 12, L~2 = L 22

L~3 = -Lg1 = -Bll( )'xxx- 3B16( )'xxy-(B12 +2B66H )'xyy-B26( )'yyy+R1( htt
L~3 = -L~3 = -B16( )'xxx-(B12 +2B16H )'xxy-3B26( )'xyy-B22( hyy+R1( htt

Lg3 = -Dll ( )'xxxx- 4D16( )'xxxy-(2D12 +4D66H )'xxyy-4D26( h yyy - D22( )'yyyy

-Ro( ht+ R2( )'xxtt+ R 2( )·yytt. (79)

The eighth-order system of equations (73)-(75) is qualitatively different from the
tenth-order system (47)-(51) formulating a heterogeneous plate theory which abandons
Kirchhoff's hypothesis. The reduction in the order of the differential equations is also
reflected in the form and number of initial and boundary conditions which are now as
follows:

(i) Throughout the plate: initial values of u~, u~, WO and their time derivatives.
(ii) Along an edge of the plate: any combination of the following boundary conditions

U
O= UO or N n = Nn (80)

u~ = u~ or N ns = Nns (81)

WO= WO or Qn+Mns's = Rn = Rn (82)

r/Jn = ilin or M n = M n• (83)

(iii) On the plate faces z = 0, h: either pz or WO are prescribed.
Note that the present eighth-order theory neglects the effect of transverse shear

deformation but includes the effects of "coupled" and rotary inertia If the plate behavior
is independent of time the static equations pertain, they are of the general form (73)-(75)
where the LO's do not contain any R terms and uO, vO, WO are functions of x and y only.
These three simultaneous elastostatic equations for the displacement components may be
considered as an alternate formulation of the plate theory given by Reissner and Stavsky
f1,2], in terms of WO and an Airy stress function F.

4. SYMMETRICALLY HETEROGENEOUS ANISOTROPIC PLATES

An interesting special class of laminated plates derived from the general theory,
formulated in equations (47)-(51), is the following:
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Let the plate described in Section 2 be the upper half of a heterogeneous plate with
total thickness h. For such a plate it is natural to locate the reference plane z = 0 at its
midsurface, then the elastic moduli follow the symmetry law

(84)

(85)

Consequently

J
+ h/2 J+h/2

Bij = Eijz dz = 0, R1 = pz dz = 0
-h/2 -h/2

which symmetrize and simplify the functional operators Lij but does not alter the general
form of the system (47H51). This means that the coupling between extensional and
flexural vibrations still exists but it stems now from the anisotropy of the plate material
and not from its heterogeneity.

In case the symmetrical heterogeneous plate is monoclinic, some of the elastic moduli
in (3) vanish

(86)

and consequently certain functional operators in (47H51) disappear and others are
simplified as follows

(87)

The general plate equations are reduced to an extensional system

LlluO+L 12vO+px = 0

L 12 uO +L 22vo +Py = 0

(88)

(89)

and a flexural system that are uncoupled,

L33WO+L34t/1x+L3St/ly+pz = 0 (90)

L34WO+L44t/1x+L4St/ly = 0 (91)

L3S wO + L4S t/lx +Lsst/ly = 0 (92)

where the L's are given by equations (52H66) after taking notice of equations (86) and
(87). The elastodynamics equations for symmetrically orthotropic or isotropic plates,
including shear and inertia terms, will be of the same form as for the monoclinic plate,
equations (88H92), hence extensional and flexural vibrations will be uncoupled. Some
simplifications will arise in the expressions for the L operators when appropriate stress
strain relations for orthotropic or isotropic plates are introduced in equations (52H66).

It is interesting to note that the equations of motion (88H89) and (90H92) for
heterogeneous orthotropic and isotropic plates have the same form of Mindlin's [9,5]
equations for the corresponding homogeneous plates, the difference is only in the
constants of the functional operators L.

The initial and boundary conditions associated with the extensional system (88), (89)
are:

(i) Initial values of u~, u~ and their time derivative throughout the plate.
(ii) Any combination of the following boundary conditions on an edge h(x, y) = 0

(93)
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u~ = u~ or N ns = Nns.

For the conditions adjoined to the flexural system (90H92) one writes
(i) Initial values of wo, t/Jn' t/Js and their time derivatives throughout the plate.

(ii) On an edge fb(X, y) = 0

673

(94)

W
o = Wo or Qn = i2n (95)

t/Jn = l/in or M n = M n (96)

t/Js=l/is or M ns = M ns (97)

5. x-[ STRAIN DEPENDANCE IN HETEROGENEOUS ANISOTROPIC
PLATES

Let Gy vanish and let both the shear strain components Gxy , Gzy ' and the body 'force
Py be independent of the y-coordinate. The displacement components (4H6) take now
the form

u(x, z, t) = UO(x, t) + zt/Jx(:\:, t)

v(x, z, t) = VO(x, t) + zt/Jy(x, t)

w(x, z, t) = WO(x, t)

(98)

(99)

(100)

which upon introduction into the equilibrium equations (47H51) gives the same tenth
order system that contains now x and t as the independent variables.

The functional operators Lij are therefore modified as follows

L 13 = L 31 = A 15( )'xx

L 14, L41 = ±A1S( )'x+ B ll( )'xx- R l( hI

L 1S,LS1 = ±A14( )'x+ B 16( )'xx

L 33 = A ss( )'xx-Ro( hI; L 34, L 43 = ±Ass( )'x+ B S1( )'xx

L 3S,Ls3 = ±A4S( )'x+ B S6( )'xx; L 44 = -Ass +Dll ( )'xx- R 2( hI

L 4S,Ls4 = -A4S±(B14-Bs6)( )'x+ D 16( )'xx

L ss = -A44 +D66( )'xx- R 2( hr·

(101), (102)

(103)

(104)

(105)

(106), (107)

(108), (109)

(110), (111)

(112), (113)

(114)

(115)

The tenth-order x-t dependent system (47H51) shows that even for the one-dimen
sional deformation case extensional and flexural motions are coupled for non~homo

geneous plates composed of the most general anisotropic material. The appropriate
initial and boundary conditions are
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(i) Initial values of uO, va, wO, l/Jx' l/Jy and their time derivative throughout the plate.
(ii) Boundary conditions on the edges x = 0, 1

UO= ito or N x = Nx (116)

VO = jjO or N xy = Nxy (117)

W
O = WO or Qx = Qx (118)

l/Jx = iTix or Mx=Mx (119)

l/Jy = iTiy or M xy = M xy · (120)

(121)

(122)

(123)

(130)

(131)

(132)

(iii) On the plate boundaries::; = 0, h :WO or pz are specified.
Similarly, a Kirchhoff type theory can be formulated when equations (98H110) are

modified in view of equation (72) to read

u(x, Z, t) = UO(x, t) - ZWO(x, t)·x

v(x, z, t) = VO(x, t)

w(x, z, t) = WO(x, t)

which upon introduction into equations (73H75) results with the same eighth-order
system with x and t as independent variables. The L D'S are consequently reduced to the
following form

L?l = A ll ( )'xx-Ro( hI; L?z = L~l = A 16( )xx (124), (125)

L?3 = -Lg 1 = -Bll ( Lxx+Rl( )'xtt (126)

L~z = A66( )·xx - Ro( hI; L~3 = - Lgz = - B16( )'xxx (127), (128)

Lg3 = -Dll ( )'xxxx-Ro( hr+Rz( )'XXII' (129)
It is noted that the displacement components remain coupled even for the one

dimensional case due to the anisotropy of the considered plate. The form of the boundary
conditions along x = 0,1 will be of the form given in equations (80H83) and the remaining
conditions will be of the type explained for the Kirchhoff's type two-dimensional theory.

6. x-t STRAIN DEPENDENCE IN HETEROGENEOUS ORTHOTROPIC
PLATES

An interesting reduction occurs in the one-dimensional equations, given in Section 5,
when the plate material is orthotropic. Equations (47H51) are separated to a sixth-order
system for uo, Wo and l/Jx' and a fourth-order system for Vo and l/Jy with the result

L lluo+L 14l/Jx+Px = °
L33WO+L34l/Jx+Pz = 0

L41UO+L43Wo+L44l/Jx+Px = °
and

(133)
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(134)

and

L ll = All( )'xx-Ro( hr; L l4 = L4l = Bll ( )'xx-Rl( hr (136)

L 33 = A ss( )'xx-Ro( hr; L 34,L43 = ±Ass( )'x (137), (138)

L44 = -Ass +D ll ( )'xx- R2( hr (139)

L 22 = A66( )'xx; L 2S ,Ls2 = B66( )'xx-Rl( hr (140), (141)

L ss = -A44 +D66( )'xx- R2( hr. (142)

The boundat:y conditions associated with the system (130H132) are given by equations
(116), (118), (119) while the conditions (117) and (120) must be satisfied by the simultan
eous equations (133), (134).

A one-dimensional Kirchhoff-type theory for orthotropic heterogeneous plates is
obtained from the eighth-order system (73H75) when appropriate simplifications are
introduced into the L D'S. There results a sixth-order system for UO and WO and a separate
second-order equation for vO,

and

where

L?lUO+L?3WO+px = 0

Lg luO+Lg3wo+pz = 0

(143)

(144)

(145)

(146)

(147)

L?3 = -Lgl = -Bll ( )'xxx+Rl( )'xrr

Lg3 = -Dll ( )'xxxx+Ro( )'1l+R2( )'xxrr

L? I is given by equation (102) and L~2 by (106).
Three boundary conditions, along x = 0,1, are associated with the sixth-order system

(143), (144), one of which is the same as (116), and

WO = WO or Rx = Rx

wO'x = wO'x or M x = M x.
(148)

Correspondingly, the simple boundary condition to be satisfied by VO on x = 0,1 is

° -0 -v = v or N xy = N xy (149)

Equations (143), (144) are remarkable for the coupling of UO and WO which disappears
only when Bil and R I vanish. Then equations (143), (144) reduce to the classical equations
of longitudinal and flexural. vibrations, respectively, of homogeneous rods (see, e.g.,
Kolsky's [10] monograph).

7. X-I STRAIN DEPENDENCE IN ISOTROPIC TWO-LAYER PLATES

To gain some insight into the heterogeneous plate theory established in Section 2 the
uni-axial frequency equation of an infinite two-layer isotropic plate is derived.
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The system (130}-(132) with F x = 0, is first transformed to a single sixth-order equation
in terms of Wo in the form

where

H1wO+Hzpz = 0 (150)

HI = (A ll Dll -Bid( )'xxxxxx+(2BllRI-AllRz-DllRo

+ [Bi I Ro- A11D 11 ]Ro/A ss )( )'xxxxtt

+ (RoR z - Ri + [AllRz +Dll Ro- 2Bll RdRo/A ss )( )'xxtttt

+([Ri-RoRz]Ro/AssH httttt+AllRo( )'xxtt- R6( httt. (151)

Hz = ([A ll Dll -Bid/Ass)( )'xxxx+([2Bll R I -All R z -D llRol/AssH )'xxtt

+ ([RoR z -Ri]/Ass)( )'tttt- A ll( )'xx+Ro( )'tt' (152)

If the x-y plane is located at the interface of the top layer "1" (of thickness "a") and
the bottom layer "2" (of thickness "b"), having elastic moduli A.;, J1.i, vi(i = 1,2) one
finds that

(153a, b)

B ll = J1.la z/(1-vd-J1.zbz/(1-v z)

Dll = 2J1.la3/3(1-vI)+2J1.zb3/3(1-vz)

R 1 = aZ pd2-bzpz/2, R3 = a3pd3+b3pz/3.

(154)

(155)

(156a, b, c)

The corresponding Kirchhoff's·.type theory in terms of a single sixth-order equation
in WO takes the following form after making use of equations (143) and (144).

H 3wO +H4 pz = 0 (157)

where

H 3 = (AllDll-Bid( hxxxxx+(2BllRI-AllRz-DllRoH )'xxxxtt

+(RoRz-RiH )'xxtttt- A ll R O( )'xxtt+ R 6( httt (158)

H 4 = Ro( ht-All( )·xx. (159)

The frequency equation is derived from the equation of motion (150) or (157) by drop
ping the pz term and by introducing for the transverse deflection

W
O = exp i(pt+ fx) (160)

where p is the circular frequency, f is the wave number related to the wavelength A
through

fA = 2n.

The frequency equation obtained from equation (150) is

(161)
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while the corresponding equation based on Kirchhoff's theory (157) is

(K3-K6IP)c4+(K~-KsIP)C2+Kl = 0

where

677

(163)

K t = AllDll -Bib K 2 = K~ +(BItRo-AllDll)RoIAss (164a, b)

K 3 = K 3+(A ll R 2+DllRo-2BllRdRoIAss, K 4 = (RI -RoR2)RoIAss (164c, d)

K 6 = -R5, K~ = 2BllR t -AllR 2-DllRo,

K 3 = RoR2-RI (164e-h)

and

C = plf. (165)

(166)

For a given plate the frequency equation (162) or (163) can be used to determine c for
a specified value off or the wavelength A. In other words, frequency curves (p vs. f) can
be determined without difficulty by the suggested plate theories. Before going into a
numerical example, the three-dimensional elasticity solution is derived for the plane
wave propagation problem in an infinite two-layer isotropic plate.

8. ELASTICITY SOLUTION FOR WAVE PROPAGATION IN TWO-LAYER
PLATES

The frequency equation for the wave propagation in an infinite two-layer isotropic
plate in plane strain was derived by the authors and independently by Jones [11].

One finds the following non-dimensional transcendental frequency equation

,at + a2 sha2b sh/32b + a3 cha2b ch/32b + sh(Xt a sh/3t a(a6 + a4 sha2b sh/32b

+ as cha2b ch/32b)+chata ch/3t a(a9 + a7 sha2b sh/32b + as cha2b ch/32b)

+shata ch/3ta(atosha2b ch/32b+allcha2b sh/32b)+chata sh/3ta(a12 sha2b

ch/32b+a13 cha2b sh/32b) = 0

where the appropriate constants are given in the Appendix.
For a given plate all parameters and constants are easily computed. Then the fre

quency equation (166) is used to determine the wave number F for an assumed non
dimensional velocity n by a laborious trial and error procedure.

Equation (166) has many solutions for a given n which means that the frequency
curves have many branches. Each branch corresponds to a particular wave in the plate
with a definite amplitude distribution across its thickness.

Note that for a homogeneous plate one has at = (X2, /31 = /32' a = b, I1t = 112 and
equation (166) reduces to two frequency equations of symmetric and antisymmetric
motions as given by Lamb [7].

Another interesting reduction of equation (166) occurs when waves of very small
length are considered, one finds the velocity of the Rayleigh surface waves for each layer.

Settingf = 0 in equation (166) the following cut-off frequency equations are obtained
for simple thickness-vibrations, which are limiting forms of waves in a plate as the wave
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length approaches infinity,

{31 = 0

(l:f..dI:f..2){3~ sin 1:f..2b cos (Xla+(lldIl2){3i sin 1:f..1a cos 1:f..2b = 0

{32sin{32bcos{31a+(lldIl2){31 sin {31acos{32b = 0

(167)

(168)

(169)

where

i = 1,2 (170a, b)

Equation (169) simply gives zero circular frequency p. Equations (168), (169) are the
frequency equations for the simple thickness-stretch and simple thickness-shear modes,
respectively, of a laminated plate.

By definition, in a free thickness-stretch mode of the plate u = 0, W = w(z, t) and in a
thickness-shear mode u = u(z, t), W = O. Consequently, these modes could be directly
obtained from the equations of motion.

Since the solution of the three-dimensional elasticity equations is obtained for plane
waves in two-layer plates, it becomes possible to examine the proposed plate theory.
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FIG. 1. Frequency curves of an infinite two-ply laminated plate according to various theories.
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In the simple thickness-shear motion, equation (169) is the next frequency equation
for the layered plate. The corresponding result based on the plate theory (143HI45) is

p2 = KA ss/(R 2 -RijRo) (171)

where the value of K is so determined as to make the lowest root of p calculated from
equation (169) equal to the approximate solution (171). The value of K will depend on
the material properties of the layered plate whereas in homogeneous plate it has a con
stant value, (see Ref. [9], p. 37).
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FIG. 2. Frequency curves of an infinite two-ply laminated plate according to plate theories.

9. NUMERICAL EXAMPLES

Frequency curves for two-layer isotropic plates of infinite length are obtained by the
various theories developed in the previous sections as follows:

(i) The heterogeneous plate theory including transverse shear deformations with
modified modulus KA ss instead of Ass for which the frequency equation is
given by equation (150) and K is determined by equation (169) and (171).
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(ii) The heterogeneous plate theory including transverse shear deformations for
which the frequency equation is given by equation (150).

(iii) The heterogeneous plate theory neglecting transverse shear deformations for
which the frequency equation is given by equation (157).

(iv) The exact solution from the elasticity theory for which the frequency equation is
given by equation (166).
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FIG. 3. Frequency curves of an infinite two-ply laminated plate according to plate theories.

In Fig. 1, two branches of the frequency curves of each of the above mentioned theories
are presented for a two-layer plate with material properties J1.i = lJ1.z, PI = PZ'V i = Vz
and a = b. Those curves with subscripts 1 and 2 are, respectively, the lowest branch of all
frequency curves and the branch of the first cut-off frequency. The first cut-off frequency
is the lowest frequency of the simple thickness-shear mode. In the vibration of homogen
eous plates the lowest branch of all frequency curves corresponds to the first anti-symme
tric vibration or flexural vibration whereas the branch of the first cut-off frequency corres
ponds to another branch of the anti-symmetric vibration of higher frequency. The second
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lowest branch which corresponds to the longitudinal vibration in the case of homogen
eous plates is not shown. It is noted that the heterogeneous plate theory including trans
verse shear deformations gives only three branches of the frequency curve in view of
equation (150) while the exact solution has many branches. The three branches are the
lowest, the second lowest and the first cut-off frequency branch. According to equation
(157) the heterogeneous plate theory, neglecting shear deformations, gives only two bran
ches and none of them is the branch of the first cut-off frequency. Thus, only one branch
of the curve given by the plate theory neglecting shear deformations is shown in Fig. 1.

For two qlore two-layer isotropic plates, the frequency curves of the heterogeneous
plate theories are shown in Figs. 2 and 3. In order to have a basis for comparison, the
frequency curves of the plate theories for a homogeneous plate are presented in Fig. 4.
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FIG. 4. Frequency curves of a homogeneous plate according to plate theories.

10. DISCUSSIONS AND CONCLUSIONS

Some interesting results of the above numerical examples are discussed and concluded
as follows:
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(1) The frequency curves presented in Fig. 1 for an infinite two-layer isotropic plate
show good agreement between the predictions of the exact solution of elasticity and that
of the heterogeneous plate theory including rotatory inertia and transverse shear deforma
tions with a modified modulus KA s5.

(2) The shear effect is important for heterogeneous plates in vibration. According to
Figs. 1,2, and 3, the frequency curve of the plate theory including shear (curve 11) always
deviated from that of the plate theory neglecting shear (curve 111 1), Therefore, the effect of
transverse shear deformations is significant in the dynamic theory of heterogeneous plates.

(3) The first cut-off frequency branch of the frequency curve is important in the vibra
tion of heterogeneous plates. In Fig. 3, the cut-off frequency 0·87 is much lower and closer
to the lowest branch for the specific two-layer plate than in the case of the homogeneous
plate (Fig. 4) which has a value of n12. Since the branch of the first cut-off frequency may
be in the lower frequency region, the vibration of a heterogeneous plate may possibly
be in the branch of the first cut-off frequency rather than in the lowest branch even when
the vibration is of a rather low frequency. Furthermore, in view of the present results,
the plate theory including shear is adequate to describe the motion of a heterogeneous
plate since this theory does provide the branch of the first cut-off frequency.
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APPENDIX

The appropriate constants of the non-dimensional transcendental frequency equation
(166) are:

al = 8Z1Z 2(VX -2WY)

a2 = 4Z1[8Z 11 WX -(Z~/Z22)VY]

a3 = 4Z1(4VY-2Z~WX)

G4 = 4(Z ,,/zd[ZiX2+ 16Zi I W2]+(Z~/Z11Zd[Zi y2 +4zi 1 V 2]

as = -ZH(Zi/Z11)X2 + 16Z 11 W2]-4[(Zi/Z11)y2 +4Z 11 V 2]



e = b/a

i = 1,2
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a6 = 4Z2[8Z 11 VW-(Zi/Z ll)XY]

a7 = -16Z22(ZiW2+X2)-(Z~/Zd(Ziv2+4y2)

as = 4ZiZiW2+X2)+4(ZiV2+4y2)

a9 = 8Z~(2XY-ZiVW)

aI0 = -4(VX +2WY)(Zilz43+Z43Z~)

all = (VX +2WY)(ZiZ~+ 16Zi2)/Z12

a12 = (VX +2WY)(ZiZ~+16Z~l)jZ21

aI3 = -4(VX +2WY)(Z34Z~+Zi/Z34)'

Introducing the wave parameters

ex} = j2_p2p;/()'i+2Jl.i)' flf = j2-p2pi/Jl.'

Q2 = C
2Pl/Jl.I' F = fa = 2na/A

and the plate parameters
Y = PdP2' f> = Jl.dJl.2'

ki = Jl.i/()."i + 2Jl.i)
Then the constants V, W, X, y, Z take the form

V = 2(f> -1)+ f>yQ2

W = f>-1

X = f>(2-Q2)-2

y = 2(1- f» +Q2f>(I- y)

ZI = 2-Q2

Z2 = 2-yf>Q2

Zll = [(I-k I Q2)(I-Q2)]t

Z22 = [(1-k2yf>Q2)(I-yf>Q2)Jt

Z12 = [(I-k I Q2)(I-yf>Q2)Jt

Z2I = [(1-k2yf>Q2)(I-Q2)]t

Z34 = [(I_Q2)(I_yf>Q2)]t

Z43 = [(1-k IQ2)(I-k2yf>Q2)]t

and the amplitudes of the hyperbolic functions are
iXla = FJ(1-kIQ2)

iX2b = FeJ(I-k2yf>Q2)

PIa = FJ(1_Q2)

P2b = FeJ(1-yf>Q2)

(Received 16 September 1965)

i = 1,2

683

(AI-13)

(AI4-17)

(AI8-21)

(A22-33)

(A34-37)



684 P. CONSTANCE YANG, CHARLES H. NORRIS and YEHUDA STAVSKY

Resume--- Une theorie de mouvements lineaires. it deux dimensions, de plaques heterogenes, est deduite de la
theorie a trois dimensions d'elasticite. Des deformations transversales de cisaillement et d'inertie rotatoire sont
indues dans cette theorie generale. L'heterogeneite du materiel est consideree se troLiver seLilement dans la
direction de I'epaisseur de la plaque. La theorie genera Ie de plaques se specialise dans les cas de plaques aelo
tropes, orthotropes et isotropes symmetriquement laminees. Une theorie de plaquesdu type Kirchhoff est
aussi deduite. Des equations de frequence pour la propagation des ondes harmoniques dans une plaque infinie
isotrope a deux couches en contrainte plane sont obtenues par l'elasticite et la presente theorie de plaques.
Plusieurs exemples numeriques sont resolus et leurs resultats sont presentes en graphiques.

Zusammenfassung-Eine zweidimensionale lineare Theorie von Bewegungen heterogener Platten ist von
del' dreidimensionalen Elastizitatstheorie abgeleitet. Transversale Schubbeanspruchungsverformungen und
Drehungstragheit sind in del' gegenwartigen allgemeinen Theorie eingeschlossen. Die Heterogenitat des
Materials ist nul' in del' Dickenrichtung del' Platte erwogen. Die allgemeine Plattentheorie ist fUr Faile von
symmetrisch geschichteten aeolotropischen, orthotropischen und isotropischen Platten spezialisiert. Eine
Plattentheorie del' Kirchhoff Type ist ebenfalls abgeleitet. Frequenzgleichungen fUr die Fortpflanzung von har
minischen Wellen in einer unendlichen zweischichtigen isotropischen Platte fUr ebenc Spannunszustande werden
von del' elastischen und del' gegenwartigen Plattentheorie erhalten. Einige zahlenmassige Beispiele und deren
Ergebnisse sind in graphischer Darstellung wiedergegeben.

AOCTpaKT-)J,BYMepHali JIHHeil:Hali TeopHli ,lJ,BHlKeHHll: reTeporeHHbIX IIJIaCTHH BbIBO,lJ,HTCli H3 TpexMepHoll:

TeopHH yIIpyrOCTH. )J,e4>opMa~HIIOIIepe'lHOrO C,lJ,BHra H Bpa~aTeJIbHali HHep~HlI BKJIIO'IeHbl B HaCTOll~YIO

06~ylO TeopHlO. C'IHTaeTClI, 'ITO reTeporeHHOCTb MaTepHaJIa cy~ecTByeTTOJIbKO B HanpaBJIeHHH TOJIlI..\HHbI

IIJIaCTHHbI. 06~all TeopHli IIJIaCTllHbI YIIpo~aeTCli CJIy'laliM CHMMeTpH'IHO CJIOHCTbIX, OJIOTpOnHbIX,

OpTOrpOIIHbIX H H30TPOIIHbIX IIJIaCTHH. BbIBO,lJ,HTCli TaKlKe TeopHli IIJIaCTHHbI KHpxroljJljJa. YpaBHeHHlI

'1aCTOTbI ,lJ,JllI paCIIpOCTpaHeHHlI rapMOHH'IecKHX BOJIH B 6e3rpaHH'IHoll: ,lJ,BYCJIOll:HOH ItJOTpOnH'IeCKOH

IIJIaCTHHe B IIJIOCKOH ,lJ,eljJopMa~HH IIOJIy'leHbI TeopHlIMH yIIpyrocTH H HacToll~ell: TeopHeH IIJIaCTHHbI.

Pa3peweHO HeCKOJIbKO ~HljJPOBbIX IIpHMepOB H HX pe3YJIbTaTbI npe,lJ,CTaBJIeHbI B ,lJ,HarpaMMax.


